THE N-DIMENSIONAL APPROXIMATION CONSTANT*

G. SZEKERES
I describe recent advances in our understanding of the simultaneous approximation problem.
It is a nice occasion to speak at Kurt Mahler's 80th birthday.
Originally I was to speak on Abel's functional equation under the somewhat slender excuse that Kurt was working recently on functional equations related to Abel but than I thought it better to change my subject.
Let me first remind you of the simultaneous approximation problem.
Given a set of n non-zero real numbers which I write in the vector notation as
We want to approximate JC by rational fractions p_/q = {p.,/q, ,p /q} with common denominator q. Dirichlet's box principle tells us that we can always determine p_/q in infinitely many ways so that p./q| < q , i-1 n .
G. Szekeres ax q | qx i -p ± | n max q i has infinitely many solutions in integers q > 0, p. ,... ,p . We know of 1 n course that c £ 1 but c < 1 is actually known since Minkowski, whatever x. The n-dimensional approximation constant C is the -n supremum of C(x) for all possible JC. So C is the smallest positive number for which the above inequality has infinitely many integer solutions for all c = C + e and all real JC. The principal problem then is to determine the exact value of C . We know from Hurwitz that C, = n 1 but for no n > 1 is the value of C known.
n There is a curious bifurcation of the problem into two separate
questions, which appears already in the case of n = 1 although not as blatantly as for n > 1. We may ask for C when all possible non-zero vectors x are taken into consideration, and ask for the value C* when -n only those x_ a r e admitted for which x ,... ,x together with 1 form a rational basis of a real algebraic number field of degree n+1. We certainly must have C* < C , with strict inequality if the worst n -n approximable vectors JC are not the algebraic kind. For n = 1 we know of course that C* = C ; for C(x) to be =1//E , x must be in the quadratic number field of fs.
Although the exact value of C n is not known, there exist good estimates from below. In 1927 FurtwSngler showed that C >_ X//K where A is the absolute discriminant of any real number field of degree n+1;
so to obtain the strongest FurtwHngler estimate one has to take the real number field with smallest possible discriminant. For n = 3 this happens to be 23 (namely the field of x 3 -x-l = 0) so according to Fortunately for those who are not familiar with critical determinants, Davenport's inequality has a more mundane form. In fact he shows, using a remark by Cassels, that
where A is the smallest absolute value of discriminants of real n,s number fields of degree n+1 which have s pairs of complex conjugate algebraic conjugates (so that 2s < n) and 2^ is the greatest n, s volume of an origin-centred parallelotope inscribed in the region Z,U is the minimal discriminant of a totally real cubic field (namely of x +2x -x-l=O), we obtain the improved estimate C 21 2 / 7 This estimate is originally due to Cassels.
The beautiful inequality of Davenport has several interesting features.
Notice first that to compute V //K we need to know two wholly n,s n,s unrelated quantities: one is the minimal absolute discriminant of real number fields of degree n+1 and various reality types. This at present is a problem for the computer and as computer techniques improve, so will (hopefully) our knowledge of minimal discriminants. For instance and more general inequalities for all V . I commend this problem to n,s your attention.
My other remark concerning Davenport is this: Although discriminants
of number fields do appear in the inequality, from Davenport's proof it does not at all follow that the inequality still holds if we restrict x_ to bases of real number fields. For n=2 this was only quite recently settled by Cusick and Adams, and we now know that C* = 2/7. It seems likely to me (though this could be a minority opinion) that also C is equal to 2/7 and indeed that Davenport's inequality is a strict equality for all n, both for C and C* , but this is certainly a very n n hazardous guess. Whether all good approximations are really supplied by the algorithm is not necessarily a decisive factor. Suppose that the algorithm supplies infinitely many really good approximations, then it is conceivable that it can be used for the purposes of the approximations constants C and C* .
It is not necessary for me here to go into details of the algorithm itself.
The essential point is that instead of approximating JC by single rational 
That is, Davenport's inequality is achieved within the relevant field.
This is a nice sharpening of Davenport's theorem. One of the interesting aspects of the method of proof is that Davenport's expression appears very naturally, without any reference to lattice constants and the geometry of numbers. This seems to indicate that the simplex method is in some sense complementary to the geometry of numbers. The algorithm itself does not appear in the argument, but weighted simplexes are extensively used, strengthening my belief that a simplex algorithm of this kind is the The n-Dimensional Approximation Constant most effective extension of the ordinary continued fraction process.
I join everyone here in wishing Kurt Mahler many more years of activity.
